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ABSTRACT 

We present a g-analogue of Nahm's formalism for the BPS monopole, which 
gives self-dual gauge fields with a deformation parameter q. The theory of the 
basic hypergeometric series is used in our formalism. In the limit q — > 1 the 
gauge fields approach the BPS monopole and Nahm's result is reproduced. 
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Instantons and monopoles are classical solutions in Yang-Mills and Yang- 
Mills-Higgs gauge theories, respectively. A remarkable fact is that both of 
them are characterized by the self-duality. These solitonic objects localized 
in R A or R 3 , respectively, were extensively discussed in the latter half of the 
1970's both from the physical and mathematical points of view. A method 
of constructing the instanton solutions was summarized as the ADHM for- 
malism |l|, |2|. The formalism was successfully applied by Nahm || to the 
BPS monopole 0, H, which could be interpreted as a limiting case when the 
instanton number approaches infinity. Furthermore, Nahm extended his for- 
malism to general monopole configurations |J, where famous Nahm's equa- 
tions played a central role @. There are some activities to solve Nahm's 
equations in recent literature || |TD|, [TTj, |T^, [13], |TJ|. In this paper, we 



point out that there is another possibility in application of the ADHM and 
Nahm's (ADHMN) formalism to self-dual gauge fields. 

In integrable field theories and solvable lattice models, some systems pre- 
serve their solvability under certain deformations with continuous param- 
eters. One of them is the q-KZ equation, a g-analogue of the Knizhnik- 



Zamolodchikov equation |L5[ in conformal field theory, derived by Frenkel 
and Reshetikhin |16[. Although the differential operators in the KZ equa- 
tion are replaced by the g-difference operators, the system still remains to 
be integrable. This suggests that we can introduce, in certain systems, a 
discrete space instead of continuous one without loss of some properties of 
original systems. Inspired by the idea, we construct, in the following, a q- 
analogue of the ADHMN formalism for SU(2) gauge fields which preserves 
the self-duality, where q is a continuous deformation parameter. We show 
that our formalism gives a self-dual configuration which approaches the BPS 
monopole if we take the limit q — > 1. 

Before doing our analysis, we give a brief review of the ADHMN formalism 
|], 0, |3|, [5J. For SU{2) gauge group, the instanton associated with the 2nd 
Chern class of degree k is given by the vector v in a k + 1 dimensional 
quaternionic vector space. For the monopole configurations, where the Higgs 
field can be considered the A component of gauge fields, Nahm introduced 
the complex Hilbert space £ 2 [— |, |] tensored with quaternion H instead of 
the finite dimensional vector space. The ADHMN formalism says that the 
gauge potentials which make the self-dual field strengths can be given by 

= < v, id^v >, (1) 

where the symbol < , > denotes an inner product over the vector spaces men- 
tioned above. The vector v is to be determined through the linear operator 
A restricted to the conditions that A*A is quaternionic real and invertible, 
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where A* is an adjoint of A. Here the adjoint is in accordance with the inner 
product in ([!]). The conditions on v are: 



A*v = 0, (2) 

and 

<v,v> = 1, (3) 

which ensures the hermiticity and the covariance under gauge transformation 
of Ap. In ref. || Nahm chose the operator Q A* = id z +x* acting on the C 2 ®H 
to obtain the BPS monopole configuration. 

Now we shall consider the self-dual configuration associated with another 
class of infinite dimensional vector space, i.e., a vector space l 2 (I q ) tensored 
with H. The l 2 (I q ) is defined on the discrete points I q := {±§, ±|<7, ±§<Z 2 ) ■ • 
q being a real parameter of < q < 1. We see that there exists an accumu- 
lation point at zero. We describe the elements of I 2 ® H as v = z; q) 
where z parametrizes I q . 

First of all, we have to define the linear operator A and A* acting on 
I 2 ®H subject to the conditions which ensure self-dual configurations. As we 
will see, the following definition to the inner product over the I 2 space gives 
the appropriate result. We define the adjoint vector v* of v = /(a^, z; q): 

v* = [f(x^z;q)]* = f^q^x^qz-q- 1 ). (4) 

Note that we easily see (v*)* = v. Using this adjoint vector, we define our 
inner product: 

rl/2 rl/2 r-1/2 

<w,v>— / w*vd q z:= / w*vd q z— / w*vd q z, (5) 

J -1/2 'JO JO 

where the integral is so called "Thomae- Jackson integral" defined as 

/ f(z)d q z = a(l-q)Y,f(w n )<l n , (6) 

J ° n=0 

so that (|5p is in fact the infinite summation over the discrete points of I q . 
Hereafter we call this "integral" (/-integral, for simplicity. We now introduce 
the g-derivative operation: 

D,f(,) := (7) 
(1 - q)z 



3 Throughout the paper, we use the conventions: * denotes hermitian conjugation, 
r M = (l,iax,icr2,icrs) and z M = (xq, Xt, x%, x$) are quaternion elements and spacetime 
coordinates, respectively, and x :— J^u=o x t* T tJ. an( i r := ( x i + x \ + x \) 1 ^ 2 - 



3 



We can observe that our inner product makes the g-derivative operator iD q 
self-adjoint up to boundary terms, that is: 



< iD q w, v > = < w, iD q v >, (8) 

provided that the vectors v and w are of the form v(xz, x^z; g) and w(xz, x^z; g). 
If we define the linear operator A* which restricts the vector v in @ as 

A* = iD q + x\ (9) 

then we have A = iD q + x due to the self-adjointness of iD q and the product 
A* A is quaternionic real, that is, 

A* A = -D\ + 2ix D q + \x\ 2 

= (iD q + p+)(iD q + p„), (10) 

where \x\ 2 := Y^i=o x fi and p± := xq ± ir. Thus if the invertible condition is 
fulfilled, we can obtain a self-dual gauge configuration through the vector v in 
I 2 ®H determined by (^) and (0). We postpone the proof of the invertibility 
at the end of the paper. 

Since the definition to inner products, in the ordinary ADHMN formal- 
ism, are based on the hermitian conjugation, we have the hermiticity and the 
gauge covariance of through (|3|). Although our g-analogue of the formal- 
ism preserves the self-duality, we have A* = instead of the hermiticity. 
Further, we can also observe the covariance under "deformed gauge transfor- 
mation" , which is realized by multiplying v by a matrix g{x tx ] q) on the right. 
Under this action, the gauge potential transforms as: 

Ap=<v, id^v >->< vg, id^vg > = g* A^g + g*id ll g, (11) 

thus the Yang-Mills action is invariant if g is subject to g* = g~ x . 

Next, we solve (□) and (H) to find the explicit form of v. For this purpose, 



we make use of the theory of basic hypergeometric series JT7|]. The key 
formula is the g-binomial theorem: 

^ (a; q) n ^ n = (gz- q)^ 

where (a; q) n is the g-shifted factorial: 

_ f (l- a )(l- aq)(l- aq 2 ) ag"" 1 ) for n > 1, . . 

1 ,gjn 1 for n = 0, 1 ' 
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and we also define 

oo 

(a;q) oc = U(l-aq m ). (14) 

m=0 

We introduce a g-analogue of the ordinary exponential function e z defined as 

oo ^ ]_ 
^ )= S(^ = (^W (15) 



where the second equality is a consequence of fll2). From the infinite series 
expression in fll5|), we easily obtain the formula: 

D q e q (a(l - q)z) = ae q (a(l - q)z), (16) 

where a is an arbitrary constant matrix. Thus we find the functional form 
of v as: 

v = e q {ix\l - q)z)N(x li ; q), (17) 

N(x^ q) being a "normalization function" to be determined by the condition 
(0). Since both e q and N are quaternion- valued functions, we have to take 
care the order of them, in general. 

We now fix the functional form of N. First we observe that the I 2 norm 
of e q {ix\l — q)z) is : 

< e q {ix ] {l - q)z), e q (ix*(l - q)z) > = A+(x , r;q)l + A_(^o, r\ q)x, (18) 

where x := S| = i XjCj/r and the functions A± are 

which are no longer quaternion valued. Note that x is an hermitian matrix 
depending only on the angles 9 and of the spherical coordinate system in 
R 3 . The outline of the derivation of ([TJ) and (fE)| ) is as follows. The adjoint 
of e q is: 

[e q {ix\l-q)z)}* = E q {-ix{l-q)z), (20) 



where E q (z) is another g-analogue of the exponential function |L7| defined as 

oo n(n— 1)/2 

We can prove ( p0|) by the fact: 

(g;g)n = (g- 1 ;g- 1 )n(-g)V (n - 1)/2 - (22) 
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The second equality in ( |21| ) is a consequence of ([j3)> too. Thus if we directly 
apply the g-binomial theorem ([12]) to the product E g (— ix(l — q)z)e g (ix'(l — 
q)z), we obtain the following formula after straightforward calculation: 

E q (-ix(l - q)z)e q (ix ] (l - q)z) = \ + (x ,r; z; q)l + A_(x ,r; z; q)x (23) 

where 



Here we used the following fact: 



(24) 



x m = \(ft + f£)l + \(j%-fF)2, (25) 



x 



1, ™ ™s 1 



2 (f% + ft?)l - - ( 26 ) 
for positive integer m. Performing the g-integration, 

1/2 ^ z = J ° f ° r ° dd (27) 

-1/2 q \ ^gn+i for even n, 

for positive integer n, we thus obtain the result ( p~8|) and (pTQ|) . Next, we 
consider the normalization condition (|J), which now turns out to be: 

N( XlM ; q)*(A+l + A-x)N(x^ q) = 1. (28) 

We can easily see that the inverse square root matrix (A + l + A^x)^ 1 ^ 2 works 
well for A" due to the fact A?j_ = A±, and which gives the result: 

N(x^q) =I{(A + + A_)-U(A + -A_)-5}1 

+1{(A + + A_)-k - (A + - A_yh} x , (29) 

and we have N* = N, trivially. Our derivation therefore fixes the functional 
form of v up to the "gauge transformation" mentioned earlier. 

We consider the limit q — > 1, which has to agree with Nahm's result for 
the BPS monopole, because the limit gives the g-derivative operator (0) the 
ordinary differential one. In the limit we have 

A±(s , r;z; q) - - £ p ~' {ip_ z ) n ± E f + (»P + ^) W (30) 

Z Ln=0 n=0 J 

then we find 

E q (— ix(l — q)z)e q (ix'(l — q)z) — >■ cosh(2r,2) +xsinh(2r2;) (31) 
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which is xo-independnt and leads to 



9 sinhr . , 

N = . (32) 

r 

Thus we can reproduce the BPS monopole as a limiting case of the deforma- 
tion parameter q. 

Finally, we show that A* A is invertible, which guarantees the self-duality 
of the gauge field configuration constructed from v of ( |TTD and (|29|). It is 
sufficient to find a function z, z'\ q) such that 

A*AF(x ll ;z,z';q) = 5 q (z,z'), (33) 

where the right hand side is a function which takes a non-zero value only 
at z = z'. Since we are dealing with discrete space, the function S q (z,z') 
should be proportional to Kronecker's delta S ZtZ r. Further, when we consider 
the limit q — > 1, it should become the ordinary 5-function in accordance with 
Nahm's result. We introduce a sign or step function defined by: 

e(* - *0 = I +j for 0< and { +j ! f f * > * for z> < 0. 

(34) 

We can easily find that the g-derivative of the e(z — z') with respect to z 
gives Kronecker's delta, i.e., 

2 

D q e{z - z) = ttt^z,z>- (35) 

(l-q)\z'\ 

We make use of the right hand side as the function 25 q (z,z') in (|33|). Then 
we obtain the solution to (RBI) : 

F(x M ; z, z'\ q) = ±e(z - z'){E q (-ip + (l - q)qz')e q (ip + (l - q)z) 

-E q (-ip-(l - q)qz')e q (ip^(l - q)z)} + F (x M ; z, z'\ q), (36) 

where F ( ; q) is a kernel of A* A to be determined by boundary con- 

ditions, which we do not need to fix here. We thus have proven the invertible 
condition. Note that if we take the limit q — > 1, the function F becomes, 

F -> — e (z - z') (e ip+{z - z,) - e lp - {z - z,) 

= -— e^-^sinhrlz- A (37) 
2r 

where we have omitted the term including F ; this is exactly Nahm's result. 
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In conclusion, we have constructed a g-analogue of the ADHMN formal- 
ism and obtained the vector v from which a self-dual field strength can be 
made. At present, our understanding about the physical aspects of our gauge 
field configuration is insufficient. Some remaining questions are in order. 
First, the gauge field configuration will have a finite radius of convergence, 
because the inner product fll8|) is normalizable for |x| < 2/(1 — q). We can 
see this through another expression of A±, that is, 



A±(x ,r;g) 



1 



291 



■ P+\2 
.\x\) ' 



(£+' 

v \x\ ■ 



;g 2 , 



(38) 



where 



a. 



q,u 



E 



(a;q) n (b;q) n 
(?; q)n(c; q)n 



It" 



(39) 



is Heine's g-analogue of Gauss' hypergeometric series [pLTH , which is known 
to be absolutely convergent for \u\ < 1 provided that < q < 1. However, 
since the analytic continuation formula of (39) to \u\ > 1 is known, we have 



a possibility to define the gauge field configuration outside the convergence 
region, similarly. Second, the definition to the characteristic class of our 
configuration is not clear if the convergence radius is finite. Analogous to 
general monopole configurations, of which the associated vector space is C 2 , 
our configuration seems to have infinite instanton number because of the fact 
that the vector space I 2 is infinite dimensional. Thirdly, we have observed 
that the gauge potential transforms covariantly under the action of a matrix 
g subject to g* = g^ 1 , which becomes SU(2) element when q — > 1. What is 
this "deformed" transformation in our formalism? 

We shall discuss these aspects of the gauge fields in a forthcoming paper. 
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